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By now the Lq-spectra of self-conformal measures satisfying the so-called open set
condition are well understood. However, if the open set condition is not satisﬁed, then
almost nothing is known. In this paper we compute the mixed Lq-spectra for self-
conformal measures, which have bound distortion property and satisfy the weak separation
condition.
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1. Introduction
Let X be a nonempty compact subset of Rd and Si : X → X , i = 1, . . . ,N , be mappings. We call {Si}Ni=1 an iterated
function system (IFS) on X . It is well known that if the {Si}Ni=1 are contractions, then there exists a unique nonempty
compact subset K of X such that
K =
N⋃
i=1
Si(K ) (1.1)
(see [4,5]). We call K the invariant set or attractor of the IFS. If we associate the IFS with a set of probability weights
{pi}Ni=1, then there is a unique probability measure μ with supp(μ) = K satisfying
μ(A) =
N∑
i=1
piμ ◦ S−1i (A) (1.2)
for all Borel sets A ⊆ X . We call μ the invariant measure of the IFS associated with the weights {pi}Ni=1. It is well known
that the invariant measure is either absolutely continuous or singular continuous with respect to Lebesgue measure.
Recall that an IFS {Si}Ni=1 satisﬁes the well-known open set condition (OSC) if there exists a nonempty bounded open
set U ⊆ Rd , called an OSC set, such that ⋃Ni=1 Si(U ) ⊆ U and Si(U ) ∩ S j(U ) = ∅ for all i = j. In this case, we can lift the
measure μ in (1.2) to a symbolic space, and many properties can be derived from there.
During the past years the multifractal structure of μ has received much attention. Multifractal analysis refers (among
other things) to the study of the Lq-spectra of μ.
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erature, cf. [2,8,10,11]. Mixed multifractal analysis investigates the simultaneous scaling behavior of ﬁnitely many measures
μ1, . . . ,μk . Mixed multifractal analysis thus combines local characteristics which depend simultaneously on various dif-
ferent aspects of the underlying dynamical system, and provides the basis for a signiﬁcantly better understanding of the
underlying dynamics.
Let p j = (p ji)i=1,...,N be probability vectors for j = 1, . . . ,k. Let μ j denote measures associated with the list
({Si}Ni=1, {p ji}Ni=1).
Mixed Lq-spectra of the measures μ1, . . . ,μk are deﬁned as follows. If E is a subset of Rd and r > 0, we will write
B(E, r) for the r neighborhood of E , i.e., B(E, r) = {x ∈ Rd | dist(x, E) < r}. For q= (q1, . . . ,qk) ∈ Rk and r > 0, we deﬁne the
mixed integral moment scaling function of the measures μ1, . . . ,μk by
I(r;q) =
∫
μ1
(
B(x1, r)
)q1−1 · · ·μk(B(xk, r))qk−1 dμ(x1, . . . , xk).
The lower and upper mixed Lq-spectra, denoted D(q) and D(q), of μ are now deﬁned by
D(q) = lim inf
r→0
log I(r;q)
− log r ,
D(q) = limsup
r→0
log I(r;q)
− log r .
Let V ⊆ Rd be an open subset. Recall that a map S : V → V is conformal on V if for each x ∈ V , S ′(x) is a similarity
matrix, i.e., a scalar multiple of an orthogonal matrix. Under this assumption, we have |det S ′(x)| = ‖S ′(x)‖d , where ‖S ′(x)‖ =
sup{|S ′(x)y|: |y| = 1} is the operator norm of the matrix S ′(x).
Deﬁnition 1.1. (See [7].) We say that {Si}Ni=1 is an IFS of injective C1 conformal contractions on a compact subset X ⊆ Rd if
the Si can be extend to C1 injective conformal contractions on the open connected neighborhood V of X and furthermore,
0 < inf
x∈V
∥∥S ′i(x)∥∥ sup
x∈V
∥∥S ′i(x)∥∥< 1, for 1 i  N.
For such an IFS, we call the associated invariant set in (1.1) a self-conformal set, and a measure μ in (1.2) a self-conformal
measure.
We often use the following sets of indices
Σk = {1, . . . ,N}k, Σ = {1, . . . ,N}N, and Σ∗ =
⋃
n0
Σk
(with Σ0 = {∅}). For τ ∈ Σ∗ and σ ∈ Σ ∪ Σ∗ , write τ ≺ σ if there is a sequence σ ′ ∈ Σ ∪ Σ∗ with σ = τσ ′ . Deﬁne the
cylinder set [τ ] = {σ ∈ Σ: τ ≺ σ } for all τ ∈ Σ∗ . Let τ˜ be the word obtained from τ by dropping the last letter. For brevity
write Sτ = Sτ1 ◦ · · · ◦ Sτk , Kτ = Sτ (K ) and pτ = pτ1 · · · pτk for τ = (τ1, . . . , τk) ∈ Σ∗ . Also let
bτ = inf
x∈V
∣∣det S ′τ (x)∣∣1/d, b = min
1iN
bi,
Rτ = sup
x∈V
∣∣det S ′τ (x)∣∣1/d, R = max
1iN
Ri,
and
pϕ = pτ , Rϕ = Rτ if ϕ = Sτ for some τ ∈ Σ∗.
For 0 < r  1, E ⊂ Rd , we let
Γr =
{
τ ∈ Σ∗: Rτ < r  R τ˜
}
, Ar = {Sτ : τ ∈ Γr},
Γr(E) = {τ ∈ Γr: Kτ ∩ E = ∅}, and Sr(E) =
{
Sτ : τ ∈ Γr(E)
}
. (1.3)
Lemma 1.2. Let 0 < r  1. Then
(i) {[τ ]: τ ∈ Γr} is a partition of the space Σ .
(ii) K =⋃τ∈Γr Sτ (K ) and μ =∑τ∈Γr pτμ ◦ S−1τ .
(iii) μ(A) =∑τ∈Γr (A) pτμ ◦ S−1τ (A) for a Borel set A ⊂ Rd.
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such that
sup
E⊆X,0<r1
Sr(E) γ < ∞,
where Sr(E) is deﬁned as in (1.3).
It is known that the open set condition implies the WSC (see [6]).
Recall that an IFS {Si}Ni=1 has the bounded distortion property (BDP) if there exists a constant c1 > 1 such that for any
index τ ∈ Σ∗ ,
|det S ′τ (x)|
|det S ′τ (y)|
 cd1 for all x, y ∈ V .
It is easy to see that if each log |det S ′i | is Hölder continuous, then {Si}Ni=1 has the BDP.
Let X ⊂ Rd be a compact subset and let {Si}Ni=1 be an IFS of injective C1 conformal contractions on X . Assuming the OSC
is satisﬁed, Dai in [3] deﬁned
Zn(q, β˜) =
∑
τ∈Σn
∥∥S ′τ (x)∥∥β˜τ pq11τ pq22τ · · · pqkkτ for β˜ ∈ R
and got
Q (q, β˜) = lim
n→∞
log Zn(q, β˜)
n
exists for all β˜ ∈ R. Then for q = (q1, . . . ,qk) ∈ Rk , there is a unique β˜ = β˜(q) such that Q (q, β˜(q)) = 0. Finally, Dai com-
puted the mixed Lq-spectra D(q) and D(q). This result is summarized in Theorem A.
Theorem A. (See [3].) Let ({Si}Ni=1, {p ji}Ni=1) ( j = 1, . . . ,k) be conformal iterated function systems satisfying OSC, and let μ j
( j = 1, . . . ,k) be the corresponding self-conformal measures. For all q= (q1, . . . ,qk) ∈ Rk, we have
D(q) = D(q) = β˜(q).
Assuming the OSC, Moran [8] and Olsen [10] computed the mix Lq-spectra of ﬁnite families of self-similar measures.
Their result follows Theorem A. Unfortunately, nothing is known about the mixed Lq-spectra D(q) and D(q) if the OSC is
not satisﬁed. The OSC is a separation condition. IFS that do not satisfy the OSC are said to have overlaps. In this case, it
is in general much more diﬃcult to compute the mixed Lq-spectra. Olsen [11] provided non-trivial bounds for the mixed
Lq-spectra of a list of arbitrary self-similar measures. In this paper we are interest in conformal IFS ({Si}Ni=1, {p ji}Ni=1)
( j = 1, . . . ,k) that has the BDP and satisﬁes the WSC, then the mixed Lq-spectra D(q) and D(q) are given by
D(q) = D(q) = β(q)
for q= (q1, . . . ,qk) ∈ Rk , where β(q) is given in Section 2.
2. Intermediate results
Proposition 2.1. (See [7].) Assume that IFS {Si}Ni=1 is an injective conformal IFS on X that has the BDP. There exists some positive
constant C such that
C−1Rτ |x− y|
∣∣Sτ (x) − Sτ (y)∣∣ C Rτ |x− y|
for all x, y ∈ X and all τ ∈ Σ∗ .
Let π be the projection of Σ∗ to X deﬁned by
π(τ ) = lim
k→∞
Sτ1,...,τk (x), τ = (τ1, τ2, . . .) (2.1)
the above limit is independent of x ∈ X .
We need to introduce more notations. For τ ∈ Σ∗ , let Cτ be the cylinder set in Σ with initial segment τ . Deﬁne
operators T : Σ → Σ , T (σ1, σ2, σ3, . . .) = (σ2, σ3, . . .). For Λ ∈ Σ∗ , let CΛ =⋃{Cτ : τ ∈ Λ}. Let φ be the product probability
measure on Σ induced by the probability weights {pi}Ni=1. For Λ ⊆ Σ∗ , we will use the abbreviated notation φ(Λ) to denote
φ(CΛ). Recall that π is the projection of Σ to X deﬁned by (2.1). Note that π(Cτ ) = Sτ (K ) for all τ ∈ Σ∗ , and μ = φπ−1.
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deﬁne
Zr(q, β) =
∑
ϕ∈Ar
Rβϕ p
q
ϕ for q, β ∈ R.
Remark 2.3. In [9] Patzschke deﬁned the function
Zn(q, β) =
∑
τ∈Σn
Rβτ p
q
τ for q, β ∈ R,
if the conformal IFS satisﬁed the OSC. Now the conformal IFS has overlaps, Zn(q, β) has been modiﬁed. Note that the sum
in the deﬁnition of Zr(q, β) is over distinct maps, while the one on the deﬁnition of Zn(q, β) is over multi-indices. Thus,
redundancies due to exact overlaps in the deﬁnition of Zn(q, β) are eliminated in the deﬁnition of Zr(q, β).
Lemma 2.4. (See [9].) Let ({Si}Ni=1, {pi}Ni=1) be a conformal iterated function system. Then there exists a constant c2  1 such that∣∣S ′τ (x)∣∣ c2∣∣S ′τ (y)∣∣ (2.2)
for all x, y ∈ X and all τ ∈ Σ∗ .
From (2.2), the inequality
c−12 pτ pσ Rτ Rσ  pτσ Rτσ  pτ pσ Rτ Rσ
holds for all τ ,σ ∈ Σ∗ . Writing
c(β)2 =
{
cβ2 if β  0,
1 if β < 0
(2.3)
and c−(β)2 = (c(β)2 )−1, we get
c−(β)2 p
q
τ p
q
σ R
β
τ R
β
σ  pqτσ Rβτσ  c(−β)2 p
q
τ p
q
σ R
β
τ R
β
σ
for all τ ,σ ∈ Σ∗ , hence
c−(β)2 Zs(q, β)Zt(q, β) Zs+t(q, β) c
(−β)
2 Zs(q, β)Zt(q, β) (2.4)
for all 0 < s, t  1 and all q, β ∈ R.
Lemma 2.5. Let ({Si}Ni=1, {pi}Ni=1) be a conformal iterated function system. Then
Q (q, β) = lim
r→0+
log Zr(q, β)
− log r
exists for all q, β ∈ R.
Proof. Case 1. β > 0 by (2.4),
Zs+t(q, β) Zs(q, β)Zt(q, β)
for all 0 < s, t  1. Let n = [− log r], we get (Ze−n (q, β))∞n=1 of positive real numbers is sub-multiplicative. Then
limn→∞(Ze−n (q, β))e
n
exists and equals to infn1{(Ze−n (q, β))en }. It follows that limr→0+ log Zr (q,β)− log r exists and equals to
infr>0{ log Zr (q,β)− log r }.
Case 2. β < 0 by (2.4),
Zs+t(q, β) Zs(q, β)Zt(q, β)
for all 0 < s, t  1. We also get the existence of the limr→0+ log Zr(q,β)− log r , which equals to supr>0{ log Zr(q,β)− log r }. 
Lemma 2.6. Q (q, β) is strictly decreasing with
lim
β→−∞ Q (q, β) = +∞, limβ→+∞ Q (q, β) = −∞
for all q ∈ R.
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Rτ < r  R τ˜  R |τ˜ |,
so we get
log r  |τ˜ | log R, |τ˜ | log r
log R
, Rϕ = Rτ  R |τ |  R(1+
log r
log R ).
Thus Zr(q, β + β1) Rβ1(1+
log r
log R ) Zr(q, β), that is
Q (q, β + β1) Q (q, β) + lim
r→0+
(
β1
(
1+ log r
log R
)
log R
− log r
)
and hence
Q (q, β + β1) Q (q, β) − β1. (2.5)
This shows that Q (q, β) is strictly decreasing. Using (2.5) for β = 0, we get Q (q, β1) Q (q,0) − β1 → −∞ as β1 → +∞.
Eq. (2.5) with β1 = −β yields Q (q, β) Q (q,0) + β → +∞ as β → −∞. 
Hence for each q ∈ R there is a unique β = β(q) such that Q (q, β(q)) = 0.
Deﬁnition 2.7. Let ({Si}Ni=1, {p ji}Ni=1) ( j = 1, . . . ,k) be conformal iterated function systems. For all q = (q1, . . . ,qk) ∈ Rk we
deﬁne
Zr(q, β) =
∑
ϕ∈Ar
Rβϕ p
q1
1ϕ · · · pqkkϕ for β ∈ R.
Lemma 2.8.With the same hypotheses as Deﬁnition 2.7, we can get
Q (q, β) = lim
r→0+
log Zr(q, β)
− log r .
Proof. The proof follows immediately from Lemma 2.4. 
Therefore we have that for q= (q1, . . . ,qk) ∈ Rk , there is a unique β = β(q) such that Q (q, β(q)) = 0.
3. The mixed Lq-spectra
Lemma 3.1. Let q ∈ R. Then there exist a unique T -invariant ergodic probability measure μ on Σ and a constant Cq such that
C−1q p
q
τ
∥∥S ′τ∥∥β(q) μ([τ ]) Cqpqτ∥∥S ′τ∥∥β(q)
for all τ ∈ Σ∗ .
Proof. For the proof we use some facts from the thermodynamic formalism. Give a continuous function f : Σ → R the
topological pressure of f is deﬁned by
P ( f ) = sup
{
h(ν) +
∫
f dν: ν is T -invariant
}
,
where h(ν) denotes the entropy of the measure ν . For σ = (σ1, σ2, . . .) ∈ Σ , we take the function
fq : Σ → R, fq(σ ) = log
(
Pqσ1
∣∣S ′σ1(π(Tσ))∣∣β(q)).
Introducing a metric d(σ , τ ) = Rn , where n = min{k ∈ N: σi = τi}, we see that the Hölder continuity of S ′τ implies Lips-
chitz continuity of f . By [1] then P ( fq) = Q (q, β(q)) = 0 and there exists a unique equilibrium measure for this function.
Moreover, it coincides with the Gibbs measure, which has the desired properties. 
From Lemma 3.1, we can get for ϕ ∈ Ar , we have C−1q <
∑
ϕ∈A ‖S ′ϕ‖β pqϕ < Cq .r
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C−1q <
∑
ϕ∈Ar
∥∥S ′ϕ∥∥β pq11ϕ pq22ϕ · · · pqkkϕ < Cq. (3.1)
Proof. (1) For any ϕ ∈ Ar , there exists some j0 ∈ {1, . . . ,k} such that pq j0j0ϕ = max j{p
q j
jϕ}, then pq11ϕ p
q2
2ϕ
· · · pqkkϕ  p
kq j0
j0ϕ
. So,
there exists a constant C˜q such that C˜−1q 
∑
ϕ∈Ar ‖S ′ϕ‖β(kq j0 )p
kq j0
j0ϕ
 C˜q , where Q (kq j0 , β(kq j0 )) = 0.
(i) If β  β(kq j0 ), since ‖S ′ϕ‖ 1, then ‖S ′ϕ‖β  ‖S ′ϕ‖β(kq j0 ) , so∑
ϕ∈Ar
∥∥S ′ϕ∥∥β pq11ϕ pq22ϕ · · · pqkkϕ  ∑
ϕ∈Ar
∥∥S ′ϕ∥∥β(kq j0 )pkq j0j0ϕ  C˜q.
(ii) If β < β(kq j0 ), let β(kq j0 ) = β + h, h is a positive number, then ‖S ′ϕ‖β = ‖S ′ϕ‖β(kq j0 )−h  ‖S ′ϕ‖β(kq j0 )b−h , so∑
ϕ∈Ar
∥∥S ′ϕ∥∥β pq11ϕ pq22ϕ · · · pqkkϕ  b−h ∑
ϕ∈Ar
∥∥S ′ϕ∥∥β(kq j0 )pkq j0j0ϕ  b−hC˜q.
Together with (i) and (ii), we can take Cq = b−hC˜q , then we complete the proof of the right hand of (3.1).
(2) Only let p
q j0
j0ϕ
= min j{pq jjϕ}. The proof of the left hand of (3.1) may be treated analogously, we omit it. 
Lemma 3.3. (See [7].) Let ({Si}Ni=1, {p ji}Ni=1) ( j = 1, . . . ,k) be an IFS of injective C1 conformal contractions on a compact subset
X ⊆ Rd with X◦ = ∅, and ({Si}Ni=1, {p ji}Ni=1) ( j = 1, . . . ,k) satisﬁes WSC, we have

{
ψ ∈ Ar: Kψ ∩ B(Kϕ, r) = ∅
}
 γ < ∞ (3.2)
for all r > 0, ϕ ∈ Ar .
Our main result is presented in the following theorem.
Theorem 3.4. Let ({Si}Ni=1, {p ji}Ni=1) ( j = 1, . . . ,k) be conformal iterated function systems that have the BDP and satisfy the WSC.
Then
D(q) = D(q) = β(q)
for q= (q1, . . . ,qk) ∈ Rk.
Proof. For q = (q1, . . . ,qk) ∈ Rk and r < 1. Let β(q) satisﬁes Q (q, β(q)) = 0. From Lemma 3.3, we have
μ j
(
B(x, r)
)
 γ max
ψ
{
p jψ : Kψ ∩ B(Kϕ, r) = ∅, ψ ∈ Ar
}
(3.3)
for all x ∈ Kτ and ϕ ∈ Ar . This implies
rβ(q) I(r,q) = rβ(q)
∫
μ1
(
B(x1, r)
)q1−1 · · ·μk(B(xk, r))qk−1 dμ(x1, . . . , xk)
 γ q1−1 · · ·γ qk−1rβ(q)
∑
ϕ∈Ar
(
p1ϕ max
ψ
{
pq1−11ψ : Kψ ∩ B(Kϕ, r) = ∅, ψ ∈ Ar
}
× · · · × pkϕ max
ψ
{
pqk−1kψ : Kψ ∩ B(Kϕ, r) = ∅, ψ ∈ Ar
}) (
by Lemma 1.2 and (3.3)
)
 γ q1+···+qk rβ(q)
∑
ϕ∈Ar
(
γ −1 max
ψ
{
pq11ψ : Kψ ∩ B(Kϕ, r) = ∅, ψ ∈ Ar
}
× · · · × γ −1 max
ψ
{
pqkkψ : Kψ ∩ B(Kϕ, r) = ∅, ψ ∈ Ar
})
 γ q1+···+qk rβ(q)
∑
ψ∈A
pq11ψ · · · pqkkψ
(
by (3.2)
)
.r
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(1) If β(q) 0. Since ‖S ′ψ‖ b,
rβ(q) < 1β(q) 
∥∥S ′ψ∥∥β(q)b−|β(q)|.
(2) If β(q) < 0. Since ψ ∈ Ar , r > ‖S ′ψ‖, together with bβ(q) > 1, we have
rβ(q) <
∥∥S ′ψ∥∥β(q) < ∥∥S ′ψ∥∥β(q)bβ(q) = ∥∥S ′ψ∥∥β(q)b−|β(q)|.
Thus, from Lemma 3.2, we can be continued
rβ(q) I(r,q) γ q1+···+qkb−|β(q)|
∑
ψ∈Ar
∥∥S ′ψ∥∥β(q)pq11ψ · · · pqkkψ
 γ q1+···+qkb−|β(q)|Cq
(
by (3.1)
)
for all r < 1.
Hence
D(q) = lim inf
r→0
log I(r;q)
− log r  β(q).
Form Proposition 2.1, we have
C−1Rϕ diam K  diam Kϕ  C Rϕ diam K .
Note that A˜r := Ar/(C diam K ) and ϕ ∈ A˜r , it follows that Rϕ < rC diam K . Then diam Kϕ < r. Therefore, give r ∈ (0,1) and
0 < r < C diam K (where C > 1, deﬁned by Proposition 2.1), we get Kϕ ⊂ B(x, r) for any x ∈ Kϕ , and ϕ ∈ A˜r .
If ϕ ∈ A˜r and x j ∈ Kϕ then Kϕ ⊂ B(x j, r), j = 1, . . . ,k. By this,
rβ(q) I(r,q) = rβ(q)
∫
μ1
(
B(x1, r)
)q1−1 · · ·μk(B(xk, r))qk−1 dμ(x1, . . . , xk)
 rβ(q)
∑
ϕ∈A˜r
μ1(Kϕ)
q1−1 · · ·μk(Kϕ)qk−1
∫
dμ(x1, . . . , xk)
 rβ(q)
∑
ϕ∈A˜r
μ1(Kϕ)
q1 · · ·μk(Kϕ)qk .
For ϕ ∈ A˜r , we have r > C diam K Rϕ  C diam K‖S ′ϕ‖.
(1) If β(q) 0,
rβ(q)  (C diam K )β(q)
∥∥S ′ϕ∥∥β(q)  (C diam K )β(q)∥∥S ′ϕ∥∥β(q)b|β(q)|.
(2) If β(q) < 0,
rβ(q) > 1β(q) 
∥∥S ′ϕ∥∥β(q)b−β(q) = ∥∥S ′ϕ∥∥β(q)b|β(q)|.
Thus
rβ(q) I(r,q) b|β(q)|C˜β(q)
∑
ϕ∈A˜r
∥∥S ′ϕ∥∥β(q)pq11ϕ · · · pqkkϕ
 b|β(q)|C˜β(q)C−1q
(
by (3.1)
)
with C˜ = min{C diam K ,1}.
Then
D(q) = limsup
r→0
log I(r;q)
− log r < β(q).
This completes the proof. 
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